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Abstract 

w~) ' We find and study a six (resp. seven, eight)-parameter family of polynomial Hamiltonian systems 



of second order, respectively. This system admits the affine Weyl group symmetry of type E^^^ (resp. 



-By^', Eg^^) as the group of its Backlund transformations. Each system is the first example which gave 
, , second-order polynomial Hamiltonian system with W^(-Eg^'') (resp. W{Ey^-'),W{Eg^^))-symmetry. We 

' also show that its space of initial conditions S is obtained by gluing eight (resp. nine, ten) copies of 

^ I via the birational and symplectic transformations. 
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; 1 Main results of the system with iy(£'g^^) -symmetry 



In this paper, we find and study a 6-parameter family of polynomial Hamiltonian systems of second 
order. This system admits extended affine Weyl group symmetry of type E'g^'' (see Figure 1) as the group 



^6 

CO ' of its Backlund transformations. This system is the first example which gave second-order polynomial 

' Hamiltonian system with W{Eg )-symmetry. 

, By eliminating p or q, we obtain the second-order ordinary differential equation. However, its form is not 



normal (cf. [i[9]). 

We also show that after a series of explicit blowing-ups at nine points including the infinitely near points of 
the Hirzebruch surface E2 (see Figure 2) and blowing-down along the (— l)-curve H' ^ to a nonsingular 
, point (see Figure 3), we obtain the rational surface S and a birational morphism 

■ 1^ : S* ^ 59 ^ • • • ^ 5*1 ^ i;2- 

Here, the symbol H' denotes the strict transform of H, each Ei denotes the exceptional divisors, and 
—Kj:^ = 2H, H = (H)'^ = 2. In order to obtain a minimal compactification of the space of initial 
conditions, we must blow down along the (— l)-curve H' . 
Its canonical divisor Kg of S is given by 

3 

Ks = -Y.^^' (£;.f = -2, E,^¥\ EinE2nE3^0, {E,,Ek) = l {j ^ k). (1) 

i=l 

This configuration of {—Kg)red is type A2 (see Figure 1). This type of rational surface S does not 
appear in the list of Painleve equations (see [7]). 

The space of initial conditions S is obtained by gluing eight copies of 



S — S - {~Kg)red 
6 

= c2u|J 



1=0 



(2) 



1 



Al^^*-lattice 



o 

Dynkin diagram of type i?, 
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Figure 1: -lattice and Dynkin diagram of type Eg ' 



via the birational and symplectic transformations rj (see Theorem 2.1) 
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This system is the first example whose minimal model S is the rational surface of type A2 

The author believes that this system can be obtained by holonomic deformation of the 3rd-order linear 

ordinary differential equation 



d^y , t \d^V , I 



a^{x)y = (cj e C(a;)) 



(3) 



satisfying the Riemann scheme; 

/ X 











X — q 


1 

3 



X — 00 

"0 + "5 
ao + as + ag/ 



(4) 



where x = qis an apparent singular point. In this case, e = 1. 

It is still an open question whether the equation (|30p satisfying ([3T|l tends to the equation l[30|) satisfying 
the Riemann scheme: 

f X — Q X — q x — 00 X — oo\ 
a4 

a2 1 1 as 

yai + a2 3 i eta / 

as £ 0, where a; = 00 is an irregular singular point with Poincarc rank 1 (cf. |12[ lll| V 



(5) 



2 Holomorphy 

Theorem 2.1. Let us consider a polynomial Hamiltonian system with Hamiltonian I G C(t)[g,p]. We 
assume that 

{Al) deg{I) = 7 with respect to q,p. 

{A2) This system becomes again a polynomial Hamiltonian system in each coordinate ri (i — 0, 1, 2, 3, 4): 

ra : xq = 1/q, yo = -{qp + ao)q, 

ri : xi ^ -{pq - {ai + a2))p, yi = 

r2 : X2 = -{pq - 02)?, y2 = 

''3 : 2^3 = -{p{q - 1) - (as + a4))p, ys = 

r4 : X4 = -{p{q - 1) - a4)p, ?;4 = l/p- 
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(AS) In addition to the assumption {A2), the Hamiltonian system in the coordinate rg becomes again a 
polynomial Hamiltonian system in the coordinates rcj^r^: 

r5- X5 = -{xoyo - a5)2/o, 2/5 = I/2/0, 
re : X6 = -(xoyo - ("5 + o^6))ya, Ve = l/2/o- 
Then such a system coincides with the system 

dq dl dp dl 
dt dp' dt dq' 
I ■.={q - Vfq^p^ - q{q - l){(ai + 2q!2 + as + 2ai)q - ai - 2a2}p^ 

+ [{-'Sal " 2ao{ai + 2a2 + ^3 + ^a^) - Sao^s - 05(01 + 2a2 + as + 2ai + a<:,)}q^ 
{— Soq — a\ + 2ao(ai + 2a2 + a^ + 2a4) + Saoa^ + 20:205 + "1(05 — 02) 

+ (04 + 05)(03 + 04 + 05)}(7 + 02(01 + 02)]p + Oo(oo + O5)(oo + O5 + Og)?, 

where the constant parameters Ui satisfy the relation: 

Soo + oi + 2o2 + 03 + 204 + 205 + og = 0. (7) 

Since each transformation is symplectic, the system ([6]) is transformed into a Hamihonian system, 
whose Hamihonian may have poles. It is remarkable that the transformed system becomes again a 
polynomial system for any j = 0, 1, . . . , 6. 

The holomorphy conditions (A2), (A3) are new. Theorem 2.1 can be checked by a direct calculation. 
Proposition 2.1. The Hamiltonian I is its first integral. 

Remark 2.1. For the Hamiltonian system in each coordinate system [xi,yi) {i — 0,1,..., 6) given by 
{A2) and {A3) in Theorem 2.1, by eliminating Xi or yi, we obtain the second-order ordinary differential 
equation. However, its form is not normal (cf. 



3 Symmetry 



Theorem 3.1. The system ^ admits extended affine Weyl group symmetry of type e'^^ as the group 
of its Bdcklund transformations whose generators Si, i = 0, 1, . . . , 6, TTj, j — 1, 2, 3 are explicitly given 
as follows: with the notation (*) {q^P, t; Og, Oi, . . . , Og); 



So : 
si : 

52 ■ 

53 : 

54 : 

55 ■ 

se : 
TTi : 

7^2 : 



ao 

q H ,P, t; -ao, oi, oo + 02, 03, 04 + oo, 05 + oq, og , 

P 

{q,p, t; Oo, -oi, 02 + oi, 03, "4, ^5, "e), 
02 

q,p , Oo + 02, Oi + O2, -O2, 03, "4, "5, "6 

q 

{q,p, t; Oo, oi, 02, -"3, "4 + as, ^5,06), 
04 



q-l 



t; Oo + 04, Oi, 02, 03 + 04, — 04, 05, Og J 



{q,P,t; ao + "5,01,02, "3, "4, -as, "6 + as), 
{q,p, t; 00, 01, 02, 03, 04, OS + og, -og), 
(1 - q, -p, I -t; Oo, 03, 04, Oi, 02, 05, Og), 
1 , 

[qp + ao)q, -t; Oq, Og, 05, 03, 04,02, O] 



q 



-{q - !)((? - 1)P + ao),2 - t;oo,ai,02,oe,05,04,03 



where nj, j = 1,2,3 are Dynkin diagram automorphisms of type Eg 
Theorem 3.1 can be checked by a direct calculation. 



(1) 
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4 Space of initial conditions 



Theorem 4.1. After a series of explicit blowing-ups at nine points including the infinitely near points 
of Yi2 and blowing- down along the {—l)-curve P , we obtain the rational surface S of the system 

(pl and a birational morphism Lp : S ■ ■ ■ T,2. Its canonical divisor Kg of S is given by 



(8) 



where the symbol D^^'' denotes the strict transform of D^^\ D^i}^ denote the exceptional divisors and 
Theorem 4.2. The space of initial conditions S of the system ^ is obtained by gluing eight copies of 



S = S - {~Kg)red 
6 



1=0 

3 {q,P), U, ^C^B (x„ (j = 0, 1, . . . , 6) 
via the birational and symplectic transformations rj (see Theorem 2.1). 
Proof of Theorems 4.1 and 4.2. 



(9) 




^(0) ^ pi 



Figure 2: Hirzebruch surface E2 

At first, we take the Hirzebruch surface S2 which is obtained by gluing four copies of via the foUowing 
identification. 

U,^C^3{zj,w,) (j = 0,l,2,3) 

zq = (J, wq ^ p, zi ^ -, wi = -{qp + ao)q, 
Q 

1 1 

Z2 = Zo, W2 = , 2:3 = Zl, W3 = . 

Wo Wl 



(10) 



We define a divisor D^^^ on S2: 

D^o) = {(Z2,W2) e t/2|«;2 -0}U {(23,^3) e [73|«;3 = Q]=f^. 
The self-intersection number of D^^'^ is given by 

(i?W)2 = 2. 

By a direct calculation, we see that the system ^ has three accessible singular points a^°^ G D^"^ [v ~ 
0,1,00): 

4°) = {{Z2, W2) = {u, 0)} e C/2 n (i/ = 0, 1), 

aW = {(^3,w3)-(0,0)}eC/3ni?w. 



(11) 

(12) 
(13) 
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We perform blowing-ups in E2 at a^y \ and let o'i}^ be the exceptional curves of the blowing-ups at 
a[/°^ for V ^ Q, 1,00. We can take three coordinate systems {uv,v^) around the points at infinity of the 
exceptional curves D^}'^ {v — 0, 1, 00), where 

(^00 ; ^00 ) 



Z2~ V 



W2 

ii 



W2] (i^ = 0,l), 



-,W3 



(14) 



Note that {{u,y,v,y)\vi, = 0} C I?^/^'' for ly = 0, l,oo. By a direct calculation, we see that the system ([M)) 
has six accessible singular points a^}^ for v = 1,2, 3, 4, 5, 6 in d[}^ ^ (^^ = 0, 1, cxd). 

a[^^ = {iuo,vo) = (a2 + ai,0)} G D^„'\ ^ {(uo,vo) = («2,0)} G 

4') = {(Mi,fi) = (a3+a4,0)}eZ?J'\ 4'^ = {K,fi) = (a4,0)}eI?J'\ (15) 
4'^ = {{uo.,v^) = (a5,0)} e 4'^ = {{uoo,v^) = (05 +«6,0)} e i^W. 

Let us perform blowing-ups at and denote d'^^'^ for the exceptional curves, respectively. We take six 
coordinate systems {Wj, Vj) around the points at infinity of D, for j = 1, 2, 3, 4, 5, 6, where 



{W2,V2) 
(W^3,V^3) 



Uq - 








Uo - 


a2 






Ul - 






Vl 


Ul - 




Vl 




Uoc ~ 


- as 



, Wo 



(16) 



Uoc - (as + ae) 



For the strict transform of dI ' and I?j ' by the blowing-ups, we also denote by same symbol, 

respectively. Here, the self-intersection number of Z3(°\ dI^-* and Z?^^-* is given by 

(i?(o))2 = -l. (i?(i))2 = _3. (17) 

In order to obtain a minimal compactification of the space of initial conditions, we must blow down 



along the curve 

^(0) ^ 

to a nonsingular point. For the strict transform of dI and by the 
blowing-down, we also denote by same symbol, respectively. Let S* ■ • • — > S2 be the composition of above 
nine blowing-ups and one blowing-down. Then, we see that the canonical divisor class Kg of 5* is given 

by 



K 



-D. 



(1) 



D 



(1) 



s ^0 ^1 
where the self-intersection number of dI^"^ = P^ is given by 

- -2, 

and 



7^(1) 



i^«ni?«ni?w^0, (i?«,4^)) = i ij^k). 



(18) 

(19) 
(20) 
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,(0) 



,(0) 



Blow up at and a^^ 



oil : "3 : (^5 ■ 



,(1) 



(ZP(0))2 



Blow up at a 



(1) 



W\2 _ 



= -3 



Blow down along the (— l)-curve D^^^ to a nonsingular point 




^^^^*-lattice 



Each bold line denotes (— 2)-curve 
Figure 3: Resolution of accessible singular points 



The configuration of the divisor {—Kg)red on S is of type A'^^ (see Figure 3). And we see that S — 
{—Kg)red is covered by eight Zariski open sets 

SpecC[Wj,Vj] = 1,2,3,4,5,6), 

Spec C[zo,wo], (21) 
Spec C[zi, wi]. 

The relations between {Wj,Vj) and {xj,yj) are given by 

{-W„V,) = {x„y,) (j = 1,2,3,4,5,6). (22) 

We see that the pole divisor of the symplectic 2-form dp A dq coincides with {—Kg)red- Thus, we have 
completed the proof of Theorems 4.1 and 4.2. □ 

5 PVI case 

Theorem 5.1. Let us consider a polynomial Hamiltonian system with Hamiltonian G G C{t)[q,p]. We 
assume that 

(Al) deg{G) = 7 with respect to q,p. 

{A2) This system becomes again a polynomial Hamiltonian system in each coordinate rvi {i = 0, 1, 2, 3, 4): 

qq ^ 0:4 t 

rro ■ Xo = «H h yo = P, 

p 

rn : Xl = -{qp - [ai +a2 + ai))p, yi = -, 

p 

rr2 ■■ X2 = -{qp - (0:2 + a4))p, 2/2 = -, (23) 

as — a4 1 
rrs : 2:3 = q-\ h ys = P, 

p 

Then such a system coincides with the system 
dq_dG_ dp_ _dG 
dt dp ' dt dq' 

q^p'^ {ao + as - 2a4 - l)gV 



(24) 



G ■= 

t{t - 1) t{t - 1) 

{t + l)q^p'^ (aia2 +a\+ 2a4 - 2aoa4 - 2asQ:4 + aDqp'^ 
t{t - 1) t{t - 1) 

_ {{as - a4)t + ao - a4 - l}qp _ q a4{a2 + a4){ai + a2 + a4)p 
t{t-l) t-1 t{t - 1) ' 

where the constant parameters ai satisfy the relation: 

Q!o + ai + 2q:2 + 0:3 + Q!4 = 1. (25) 

This Hamiltonian G is equivalent to well-known Hamiltonian Hyi of the Painleve VI system by the 
birational and symplectic transformation ip 

ip : Q = -{qp- a4)p, P=-, 

P 

where Hyi is explicitly given by 

Hvi{q,P, t; ao, ai, q;2, as, a4) 

= - - - {("0 - 1)(9 - 1)5 + - t)q (26) 

+ a4{q - t){q - l)}p + a2(ai + a2){q - t)] (ao + ai + 2a2 + as + 04 = 1). 
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Theorem 5.1 can be checked by a direct calculation. 

Theorem 5.2. The system (f24|) is invariant under the following transformations, whose generators 
Wi, i = 0,1,2,3,4, are given by 

Q!o — 04 t \ p t 

; a4, ai, a2, as, ao 



(27) 



WQ{q,p,t;ao, 


ai,. . 


. , 04) 


wi{q,p,t;ao. 


ai, . . 


. , 04) 


W2iq,p,t;ao, 


ai,. . 


. , 04) 


W3{q,p,t;aQ, 


ai, . . 


. , 04) 


W4{q,p,t;aQ, 


ai, . . 


. ,04) 



p p- 

Q!4 

— ,t; ao,ai 

q 

Theorem 5.2 can be checked by a direct calculation 



03 — 04 1 
q H 1" 72 ) ' ~-P' 1 - "0, q;i, q;2, a4, as ) , 



6 Main results of the system with iy(£'7^^)-symmetry 



In this section, by using a relation between holomorphy property and Lax equation, we try to make 
a second-order polynomial Hamiltonian system with symmetry of the afhne Weyl group of type e'^'^^ . 
However, for a while, we have not succeeded. 

By changing our idea, in the process of construction of the system with W^(£'g^')-symmetry, we find the 
following realtions between symmetry 

/ \ ( Oil 

si : (q,p,t; ai, a2, as) \ q,p —,t; -a\,a-2, + ai, aa 

52 : {q,p,t;aY,0L2,a'i) {q,p,t;ai + 02, -02,03 + 02), 

53 : {q,p,t;ai,a2,a3) — > {q,p,t;ai,a2 + as, -as), 
and holomorphy conditions 

ri : xi = -{pq - ai)p, yi = 1/p, 
r2 ■■X2^ -{pq - (ai + a2))p, y2 
rs -xs^ -{pq - {ai +02+ as))p, ys = 

By using this key property, we try to make a representation of the affine Weyl group symmetry of type 
iS^^"* and associated holomorphy conditoins. 

In this paper, we find and study a 7-parameter family of polynomial Hamiltonian systems of second order. 
This system admits extended affine Weyl group symmetry of type E^^^ as the group of its Backlund 
transformations (see Figure 4). This system is the first example which gave second-order polynomial 
Hamiltonian systems with W^(£^^^-')-symmetry. 

By eliminating p or q, we obtain the second-order ordinary differential equation. However, its form is not 
normal (cf. [S1IS]). 

We also show that after a series of explicit blowing-ups at ten points including the infinitely near points 
of the Hirzebruch surface S2 (see Figure 5) and two times blowing-downs along the (— l)-curve to a 
nonsingular point (see Figure 6), respectively, we obtain the rational surface S and a birational morphism 

ip : S — S12 ^ Sii ^ SiQ ■ ■ ■ ^ Si ^ T,2- 

Here, —K^^ = 2H, H ^ F^, {H)'^ = 2. In order to obtain a minimal compactification of the space of 
initial conditions, we must blow down along the (— l)-curves. 
Its canonical divisor Kg of S is given by 

2 

Ks^-J2^^^ (-B.)' = -2, E,^P\ EinE2^0, {EuE2)^l. (28) 
1=1 



8 



This configuration of {—Kg)red is type A2 (see Figure 4). This type of rational surface S does not appear 
in the Ust of Painleve equations (see [7]). 

The space of initial conditions S is obtained by gluing nine copies of 



S — S ~ {~Kg)red 
7 

= u IJ 



(29) 



via the birational and symplectic transformations Tj (see Theorem 7.1). 

This system is the first example whose minimal model S is the rational surface of type A2. 

The author believes that this system can be obtained by holonomic deformation of the 4rd-order linear 

ordinary differential equation 



satisfying the Riemann scheme 



— + ai(a:)— + «2(a:)^ + asix)— + ai{x)y = {a, G C(x)) 



a; = 


ai 
ai + a2 



X = 1 


Q!4 + Q!5 



dx 



X = Qi X — q2 X = X = oo\ 

Qo 

1 1 1 ao 

2 2 2 ao + aj 
4 4 4 ao + ajj 



(30) 



(31) 



where each x — qi is an apparent singular point. 

The author conjectures that three apparent singular points x = qi satisfy qi G <C{t){q) or qi = q [i 
1,2,3). 



7 Holomorphy 

Theorem 7.1. Let us consider a polynomial Hamiltonian system with Hamiltonian I G C(<)[(7,p]. We 
assume that 

{AI) deg{I) — 10 with respect to q,p. 

{A2) This system becomes again a polynomial Hamiltonian system in each coordinate ri (i = 0, 1, . . . , 6): 





xo = 


1/9, yo 


= -{qp + ao)q, 




ri 


Xi = 


-{pq - 


ai)p, yi = 




r2 


X2 = 


-{pq- 


(ai + a2))p, y2 = 




rs 


X3 


-{pq - 


(ai + 0:2 + a3))p, 2/3 = 


I/P, 




X4 = 


~{p{q - 


- 1) - a4)p, 2/4 = 1/p, 






X5 = 


-{Pil - 


- 1) - (a4 + a5))p, 2/5 = 




re 


X6 = 


-{pit - 


- 1) - (q;4 + as + a6))p, 


2/6 1/p 



(A3) /n addition to the assumption {A2), the Hamiltonian system in the coordinate ro becomes again a 
polynomial Hamiltonian system in the coordinate ry: 

r-j -.x-j ^ -(xoj/o - a^)ya, 2/7 = l/2/o- 
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Then such a system coincides with the system 

dq dl dp dl 
dt 9p' dt dq^ 
I :=((7 - l)3gV -{q- l)^9^{(3ai + 2a2 + + Sa^ + 2ar^ + aQ)q - 3ai - 2^2 - ag}/ 

+ [q — l)(7{(6aQ + 6000:7 + 0^7)9^ + (^6q;q — 'ia\ — Aaia2 — a\ — 2aia^ — 01201^ + + 4a4a5 
+ a\ + 2a4aQ + asag — Gaoa? — oi.r)q + 3aJ + 02 + a2a3 + ai{Aa2 + 20:3)}^^ 

fp + ai(Q;i + a2){ai + ^2 + 0^3 )p + ao{9<^o + Oy + ao(6ai + 4q;2 + 2a3 + 6q!4 + Aa^ + 2q;6 + Gay)}*?^ 

+ q;o[15q;o + Sofj^ay + cy^2'^^ + 3"4Q;7 + Q^sar + aga^ + 

+ ao(25ai + 14a2 + 3a3 + Iba^ + lOas + Sag + 12a7) + Q;5(a6a7 + 2a^) 

+ Q;2(3Q!4a7 + 2a5a7 + a^a-; + 20^) + ai{Aa5a7 + 2Q!6a7 + Ba^) 

+ ai(3a2a7 + 6040:7 + 40507 + 20507 + 4oy) + oo{9o^ + 3o2 + 304 + 05 + 306O7 + 407) 
+ 05(06 + 607) + 02(03 + 604 + 4o5 + 2o6 + 807) + 04(405 + 2o6 + 907) 
+ oi(10o2 + 2o3 + I204 + 805 + 4o6 + 16o7)}]g, 

(32) 

where f is explicitly given by 
f =oo{16oq + 207 + oo(9oi + 602 + 3o3 + 904 + 605 + Sog + 12o7)}g^ 

+ [oo(16ai + 802 + 9o4 + 605 + SogjOg + 30]^07 + O2O7 + 30407 + 0507 + 0507 + 07 
+ 05(0607 + 207) + 02(30407 + 205O7 + O6O7 + 207) 

+ 04(40507 + 2O6O7 + 3O7) + Oi(30207 + 604O7 + 4O5O7 + 2O6O7 + 4O7) 

+ oo{6o^ + 2o2 + 604 + 205 + 306O7 + 207 + 05(206 + 607) + 02(604 + 4o5 + 2o6 + 807) 

+ 04(805 + 4o6 + 907) + 01(602 + 12o4 + 805 + 4o6 + 16o7)}]g^ 

+ [-16oq - oJ - o| + Og(-25oi - 14o2 - 3o3 - I804 - I205 - 605 - I207) 

+ Oi(— 2o2 — 03 — 307) + a\{—2a^ — og — 807) — O2O7 — O5O7 — O6O7 — 07 

+ oo{— 60J — 202 — 604 — 205 + oi(— 602 — I204 — 805 — 4o6 — I607) + 04(— 805 — 4og — 907) 

+ 02( — 604 — 4o5 — 2o6 — 807) + 05( — 2o6 — 607) — 3og07 — 407} 

+ Ol( — O2 + 02( — O3 — 3O7) — 604O7 — 4O5O7 — 20g07 — 4O7) + 05( — O6O7 — 207) 

+ 04(— O5 + 05(— og — 407) — 206O7 — 307) + 02(~3o407 — 205O7 — O6O7 — 2aj)]q. 

(33) 

Here, the constant parameters on satisfy the relation: 

4oo + 3oi + 2o2 + 03 + 3o4 + 205 + 06 + 2o7 = 0. (34) 

Since each transformation ri is symplectic, the system \'i2\ is transformed into a Hamihonian system, 
whose Hamiltonian may have poles. It is remarkable that the transformed system becomes again a 
polynomial system for any i = 0, 1, . . . , 7. 

The holomorphy conditions (^2), (A3) are new. Theorem 7.1 can be checked by a direct calculation. 
Proposition 7.1. The Hamiltonian I is its first integral. 

Remark 7.1. For the Hamiltonian system in each coordinate system {xi,yi) (i — 0,1,..., 7) given by 
{A2) and {A3) in Theorem 7.1, by eliminating Xi or yi, we obtain the second-order ordinary differential 
equation. However, its form is not normal (cf. [8l|9]). 

8 Symmetry 

Theorem 8.1. The system (|32p admits extended affine Weyl group symmetry of type Ej^^ as the group 
of its Bdcklund transformations whose generators Si, i = 0, 1, . . . , 7 and n are explicitly given as follows: 
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o — o — o — 



o — o — o 



A2-lattice 



Dynkin diagram of type Ej 



(1) 



Figure 4: A2-lattice and Dynkin diagram of type E!^ 



(1) 



with the notation (*) := {q,p, t; oq, ai, . . . , aj) 

50 : ■ ■ ■ ■ 

51 : 

52 : 

53 : 

54 : 

S5 
S6 
S7 



q H ,p,t; -ao, ai + ao, "2, as, ^4 + ^o, ^5, ao, 07 + ao , 

P 

ai 

q,p ,t; ao + ai, -ai, a2 + ai, aa, a4, a^, ae,ar 

q 

{q,p,t; ao, ai + a2, -a2, ^3 + "2, ^4, as, ao, ar), 
((7,p, t;ao,ai,a2 + aa, -aa, 04, as, ao, 07), 
a4 



q,p 



q~l 



, t; ao + a4, ai, a2, aa, —04, as + a4, ag, a7 



{q,p, t; ao, ai, a2, aa, a4 + as, -as, ag + as, a7), 
{q,p, t; ao, ai, a2, aa, a4, as + ao, -ag, 07), 
{q,p,t; ao + a7, ai, a2, a3,a4, as, ao, -07), 
(1 - q, -p, i + 1; ao, a4, as, ao, ai, a2, aa, a7), 

where n is the Dynkin diagram automorphism of type Ej^^ . 

The list should be read as 

so(ao) = -ao, so(ai) = ai + ao, so(a2) = a2, so(a3) = aa, so(a4) = a4 + ao. 
Solas) = as, soiae) = ag, so(a7) = a7 + ao, 

so{q) = 9 + — , so(p) = p, so(t) = t. 
P 



(35) 



Theorem 8.1 can be checked by a direct calculation. 



9 Space of initial conditions 

Theorem 9.1. After a series of explicit blowing-ups at ten points including the infinitely near points of 
E2 and successive blowing-down along the {—l)-curve D'^^y ^ Pi and D^^^ = P\ we obtain the rational 
surface S of the system (j32p and a birational morphism : S* • • • — > E2 . Its canonical divisor Kg of S is 
given by 

Kg = - d'IK {D(}yf = -2, D(J^ = P\ (36) 

where the symbol D^^^ denotes the strict transform of D^^\ dI^^ denote the exceptional divisors and 
-Xs. = 27^(0), ^ Pi, (i5(o))2 = 2. 

Theorem 9.2. The space of initial conditions S of the system (|32p is obtained by gluing nine copies of 



11 



-<2 . 



S — S - {-Kg)red 
7 



(37) 



3 U, ^C^3 {x, , vj) (j = 0, 1, . . . , 7) 

via the birational and symplectic transformations rj (see Theorem 8.1). 
Proof of Theorems 9.1 and 9.2. 

At first, we take the Hirzebruch surface £2- By a direct calculation, we see that the system has 
three accessible singular points a|y'-' e {v — 0,1, 00): 



= {(z2, W2) = (i', 0)} e C/2 n d'-°^ {v = 0, 1), 



,(0) 



{(z3,w^3) = (0,0)}ec/3ni? 



(0) 



(38) 



We perform blowing-ups in S2 at a''^\ and let _D^,^'' be the exceptional curves of the blowing-ups at 
a^u'^ for V ^ Q, l,oo. We can take three coordinate systems {u,^,Vu) around the points at infinity of the 
exceptional curves D^}'^ [v — 00), where 

{Uy,Vy) = 
(^00 1 ) 



Z2-V 



W2 

ii 

W3 



W2] {iy = 0,i). 



-, W3 



(39) 



Note that {(u^,v,y)\vi, = 0} C dI^'' for v ^ 0, 1, 00. By a direct calculation, we see that the system 
has seven accessible singular points a'^J'^ for 1^ ~ 1,2, 3, 4, 5, 6, 7 in _d1^^ ^ pi = q, 1, cxo). 

a['^ = {iuo,vo) = (ai,0)} G = {(^^o,i^o) = (ai -|-a2,0)} G d'^^\ 

a'i^ = {(Mo,fo) = (ai +a2 -Ka3,0)} G Z?^'\ = {(mi,wi) = (04, 0)} G 

{{ui,vi) = (a4-)-a5,0)} G = {(wi,^^i) = (04 -f ag -h ag, 0)} G D^^\ 



,(1) 



(40) 



4^^ = {{Uoo,Voo) = ("7,0)} G A 



(1) 
00 ■ 



Let us perform blowing-ups at a'^^'^ , and denote -D^^'' for the exceptional curves, respectively. We take 
seven coordinate systems {Wj, Vj) around the points at infinity of Dj for j = 1, 2, 3, 4, 5, 6, 7, where 

uq — ai 



{W2,V2) 

(^3,^3) 

(^4,14) 
(^6,^6) 









_ fuQ- 


{ai + a2) 










(ai + a2^ 


\- as) 








_ fui- 
\ ^1 


"4 \ 




_ f Ul- 


(a4 + as) 








_ ful- 


("4 + 0:5 H 


1- ae) 




1)1 




{ ^00 ~ 


- "7 \ 





(41) 
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Blow up at a^Q^ , a^°^ and 



„(1) : 
0-6 * 



(D(0))2 = _1 



Blow up at a 



(1) 



2 _ 



= -4 = -2 



(£»W)2 = -4 



Blow down along the (— l)-curve D^^^ to a nonsingular point 




Blow down along the (— l)-curve D^^ to a nonsingular point 




Each bold line denotes (— 2)-curve 



Figure 5: Resolution of accessible singular points 
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For the strict transform of D^^\ D^^ and D^p by the blowing-ups, we also denote by same symbol, 
respectively. Here, the self-intersection number of D^^\D^^ is given by 



(Z?(0))2 = -l. = (dW)2 = _4^ (Z?Wf = -2. (42) 

In order to obtain a minimal compactification of the space of initial conditions, we must blow down 
along the (— l)-curve D^'^^ = to a nonsingular point. For the strict transform of D^J''' and D^'' by the 

blowing-down, we also denote by same symbol, respectively. Here, the self-intersection number of D^i}^ is 
given by 

= = -3, {Dg)f = -l. (43) 

We must blow down again along the (— l)-curve = P-'^ to a nonsingular point. For the strict 

transform of d\j^ and by the blowing-down, we also denote by same symbol, respectively. Here, the 
self-intersection number of D^'' is given by 

(D«)^ = (D«)2 = -2. (44) 

Let S • ■ ■ ^Yi2 be the composition of above ten times blowing-ups and two times blowing-downs. Then, 
we see that the canonical divisor class Kg of S is given by 

K§:=-D'i^-D^P, (45) 

where the self-intersection number of D^}^ = is given by 

(Z)(i))2 = -2, (46) 

and 

D'i^f\Dt'^^0, {dI^\d\'^) = 1. (47) 

The configuration of the divisor {—Kg)red on S is of type A2. And we see that S — {—Kg)red is covered 
by nine Zariski open sets 

SpecC[Wj,Vj] (j = 1,2,3,4,5,6,7), 

Spec C[zo,wo], (48) 
Spec C[zi, wi]. 

The relations between (Wj, Vj) and {xj,yj) are given by 

{-W„V,) = {x„y,) (j = 1,2,3,4,5,6,7). (49) 

We see that the pole divisor of the symplectic 2-form dp A dq coincides with (—Kg)red- Thus, we have 
completed the proof of Theorems 9.1 and 9.2. □ 

10 Main results of the system with W {E^'') -symmetry 

By using the key property, we try to make a second-order polynomial Hamiltonian system with symmetry 
of the afRne Weyl group of type Eg^\ 

At first, we make a representation of affine Weyl group of type E^^^ . Next, we make holomorphy conditions 
ri (i = 0, 1, . . . , 8) associated with it. 

Problem 10.1. Can we make a polynomial Hamiltonian system with Hamiltonian I € C{t)[q,p] satisfying 
the following condition {A) ?: 

{A):This system becomes again a polynomial Hamiltonian system in each coordinate Vi (i = 0, 1, . . . , 8) 
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o — o — o — o — o — o — o — o 



Dynkin diagram of type E^^"^ 



Figure 6: 



Before we solve this problem, we construct the space of initial conditions characterized by holomorphy 
conditions (i = 0, 1, . . . , 8). After a series of explicit blowing-ups at eleven points including the infinitely 
near points of the Hirzebruch surface S2 (see Figure 2) and three times blowing-downs along the (— 1)- 
curve to a nonsingular point (see Figure 7), respectively, we obtain the smooth rational surface S and a 
birational morphism 

ip : S — 5i4 ^ 5*13 ^ 5*12 ^ 5*11 ■ ■ ■ ^ Si ^ S2- 

Here, —K^^ = 2H, iJ ~ P^, (H)'^ — 2. In order to obtain a minimal compactification of the space of 
initial conditions, we must blow down along the (— l)-curves. Its canonical divisor Kg of S is given by 



-E, E 



{Ef 



(50) 



In the case of Painleve equations, each component of the anti-canonical divisor —Kg is (— 2)-curve. 
However, in this case, it is (— 3)-curve. In this vein, we take a poor view of holomorphy conditions 
n (i = 0,1,...,8). 

However, we can obtain a 8-parameter family of polynomial Hamiltonian systems determined by (i = 
0, 1, . . . , 8). Suprisingly, this system admits the affine Weyl group symmetry of type E^^ as the group 
of its Backlund transformations (see Figure 6). This system is the first example which gave second-order 
polynomial Hamiltonian systems with VF(i?g^^)-symmetry. 

By eliminating p or q, we obtain the second-order ordinary differential equation. However, its form is not 
normal (cf. [8llS]). 

The space of initial conditions S is obtained by gluing ten copies of 



S = S - { — Kg)red 
8 

uU 



-2 , I y ^2 

1=0 



(51) 



via the birational and symplectic transformations rj (see Theorem 11.1). 

The author believes that this system can be obtained by holonomic deformation of the 6rd-order linear 
ordinary differential equation 

dP'y . .(f'y , stif^y , s^cPy , ^<Py , \dy ^, w /'^;o^ 

— r -I- ai(a;)— ^ -I- a2(x)— ^ -I- 03(0;)— ^ -I- a4(x)— ^ + a5(a;)— -I- a6(x)2/ = (a^ G L(a;)) [oZ) 

ax ax ax 



dx^ dx^ ' ' dx^ 

satisfying the Riemann scheme 



/ 


a; = 


X = 1 


x^qi 


X — oo\ 













ao 




ai 





1 


ao 




0L\ + a2 


ag 


2 


ao 




ai + a2 + as 


ae 


3 


ao -1- as 




ai -1- a2 -1- as -1- a4 


ae + aj 


4 


ao -1- as 




-1- a2 -1- a3 -1- a4 -1- as 


cee + ctj 


6 


ao + as/ 



(53) 



where each x — qi (i = 1, 2, . . . , 10) is an apparent singular point. 

The author conjectures that ten apparent singular points x — qi satisfy qi £ C{t)(q) or qi = q. 
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11 Holomorphy 



Theorem 11.1. Let us consider a polynomial Hamiltonian system, with Hamiltonian I € C{t)[q,p]. We 
assume that 

(CI) deg{I) — 15 with respect to q,p. 

(C2) This system becomes again a polynomial Hamiltonian system in each coordinate ri {i = 0,1, ... ,7): 

ro:xo = 1/q, yo = -{qp + ao)q, 

ri :xi = -{pq - ai)p, yi = l/p, 

r2 : X2 = -{pq - («! + a2))p, y2 = 

r3-X3 = -{pq - (ai + 0:2 + as))}?, ys = 

r4:X4 = -{pq - (ai + Q!2 + as + oi4))p, 2/4 = 1/p, 

rs : a;5 = -{pq - {ai + 0:2 + as + Q!4 + Oi5))p, J/5 = 

re:X6 = -{p{q - 1) - as)p. ye = l/p, 

rT.X7 = -{p{q - 1) - (ae + a7))p, 2/7 = 

(C3) /n addition to the assumption {C2), the Hamiltonian system in the coordinate Tq becomes again a 
polynomial Hamiltonian system in the coordinate rj: 

rs ■.xs = -{xoyo - as)yQ, ys = l/yo- 

Then such a system coincides with the system 

dq^dl_ ^ _dl_ 

dt dp' dt dq ^ ' 

I := /(-I + g) V +pH-1 + qfq^{-6aa - Aa^ - 2a-! - 3^8 + 3(7(2ao + ^s)) + q)^ q^ {-lAa^ax - 

lOaf — 18aoa2 — Ihaia^ — ~ 120:0^3 — lOaicts — %a20iz — 3a§ — 6aoQ!4 — 5aia4 — 4Q:2a4 — "ia^oi^ — 
o?4 — 16q:iQ6 — 12a2a.Q — Sa^ae — Aa^af, — 8Q1Q7 — ^02017 — 4q!3Q!7 — 2a4Q;7 ~ 12qiQ8 — 9a2Q;8 — 
Qa^a^ — 3a4a8 + ^(^ISQo + 24q:oQ:i + l{}a\ + 18q:oQ'2 + 15aia2 + Ga^ + 12Q!oa3 + lOaia^ + 802^3 + 
Sal + 6aocc4 + 5aia4 + Aa20t4 + 3030:4 + a\ + IGaiQo + 12a2Q6 + 80300 + Ao^Qa + Gop + 801O7 + 
602^7 + 40307 + 204O7 + 606O7 + 07 — 1500^8 + 12ai08 + 902O8 + 60:308 + 304O8 — 3o|) + 3q^{5aQ + 
5oo08 + o|)) + (700(00 + a8)(— 44oo — 120oqOi — 122o§of — 64ooof — 15af — 90ogO2 — 183ooai02 — 
144ooaf 02 - 45af 02 - 66ooai - 102aoai02 - 48af a| - 22ooa2 - 21ai02 - 3o| - 60ao03 - 122agOia3 - 
96ooaf 03 — 30of 03 — 88000203 — 13600010203 — 64af 02O3 — 44ooa|o3 — A2aia\az — 802O3 — 27oqo| — 

40q:oQ'iO:3 — 19of O3 — 26q'oO:20:3 — 25oi020:3 — 7q:|q:3 — 4o:oQ:3 — 4q:i03 — 2O2O3 — 30Oga4 — GlOgQiQ^ — 

48ooaf 04 — 15of 04 — 44050204 — 6800010204 — 320^0204 — 22000^04 — 21aia|a4 — 40^04 — 27050304 — 
4000010304 — 19010304 — 2600O2O3O4 — 2501020304 — 7020304 — 6000304 — 6010304 — 3020304 — 
5q:oo| — 600O1O4 — Sofol — 4oo02a| — 4oi02o| — O2Q4 — 2qoQ30:| — 2010304 — 02O3 04 — 128oQa6 — 
272ooai06 — 200aoai06 — 56ai06 — 204oo02a6 — 300ooOia206 — 12Qa{a2aQ — 108aoa|o6 — 9O01O2O6 — 

2OO2O6 — 136000306—20000010306 — 84010306 — 14400020306 — 12001020306 —40020306 — 4400O3O6 — 
360ia§06 — 24020§06 — 4O3O6 — 68O0O4O6 — IOO00O1O4O6 — 42o^040(j — 72O0O2O4O6 — 60oiO2Q:4Q6 — 

2O02O4O6 — 4400O304O6 — 3601O3O4O6 — 2402030406 — 6o§0406 — 800O4O6 — Qa.\a\aQ — 4020406 — 
2030406 - 137oo06 - 200aoai06 - 78ai06 - 15000020! - 11701020! -42020! - lOOooOsOg - 7801030! - 
5602O30! — 17o|o| — 5O00O40I — 39oi04a| — 2802O40! — I703O40! — 3o|o! — 64ooOg — 48oiOg — 36o20g — 
24o3ag — 12o40g — llo| — 640307 — I3600O1O7 — 100ooafo7 — 28afo7 — IO200O2O7 — 15000010207 — 
63ofo207 — 54000507 — 45010307 — IO02O7 — 680QO3O7 — 10000010307 — 42ofo307 — 7200020307 — 

6O01O2O3O7 — 20030307 — 22O0O3O7 — I801O3O7 — I2O2O3O7 — 2O3O7 — 340g0407 — 50ogOiO4O7 — 

2I02O4O7— 3600020407— 30oiO2O4O7 — 10a|o4O7— 2200030407 — 1801030407 — 1202030407— 30^0407 — 
4000407 — 3010407 — 2o2o|o7 — 030I 07 — 137000607 — 20000010607 — 7801O6O7 — 15000020507 — 

1170l020g07 — 42020g07 — 100oo030g07 — 7801O3O6O7 — 5602030g07 — 17o|og07 — 50ogO4OgO7 — 

3901O4O6O7 — 28o2040g07 — I703O4O6O7 — 3o|o607 — 96ooOga7 — 72oio!o7 — 54020^07 — 36030^07 — 
18040^07 — 22og07 — 37og07 — 56000107 — 22a\a^ — 42000207 — 3301O2O7 — I202O7 — 28000307 — 
2201O3O7 — 16020307 — f)a\a^ — 14000407 — 11010407 — 8020407 — 5030407 — 0407 — 52000607 — 
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A0aiaQa^—30a2a(iaj — 2Qa^aeaj — 10a4aQa^ — 18aQa^ — 10aoa^—8aia^—6a2a^—4:a3a^—2a4Ct'^ — 7aQa^ — 
af — SSofgag — ISOalaias — 122aoQ;ia8 — 32afa8 — 135aQa2as — 183aoaia2as — 72a\a2(x% — 66Q!oa|a8 — 
^laiol^ag, — lla'^ag, — OOofgaaag — 122Q!oaia3Q;8 ^ A8a\a.^a.f^ — 88q!oQ;2Q^3Q^8 ^ 68Q;ia2a3a8 ^ 22a2Q;3a8 — 
27aoQ;|a8 — 20aiQ;|Q;8 ~ 13q;2Q;|q;8 ~ 2a3a8 — A^a^a^af:, — Qlat^aia^as — 24afa4a8 ~ AAaoa2a4as — 
34aiQ;2a4Q!8 — Ila|a4a8 — 27aoa3a4Q:8 ~ 20aia3a4ag — 13Q;2a3a4Q!8 ~ Sa^a^as — EaoO^ag — 3aia|a8 — 
2a20i'\a^ — a^a\ afi — \Q2a^aQa% — 272aQaiaQCiL^ — 100a\aQa^ — 2QAaQa2OiQa^ — lbQaia2aQas — ?>'^oi\aQa^ — 
136Q!oQ;3Q;eQ!8 — 100aiQ;3Q!gQ;8 — 72Q!2Q;3a6Q;8 — 22a^aQa^ — 68Q;oa4aeQ;8 — 50q!iQ;4Q;6Q;8 — ?>&a20C4Cx.Qa% — 
22a3Q;4a6Q!8 — ^(x^cxQaf, — 137aoa§a8 — lQQa\Oi%Q.s — l^a20i\afi — 50a3Q!|a8 — 2ha4a\ag, — 32aga8 — 
96a§a7a8 — 136aoaia7Q;8^50a^a7a8 — 102aoQ^2a7a8~75aia2a7Q;8^27a|Q;7a8— 68aoQ^3'^7'^8~50aia3 
36a2a3a7a8 — llQ3a7a8^34Q;oQ!4a7a8~25aia4Q;7a8 — 18a2a4a7a8 — llQ3a4a7Q;8~2Q;|Q;7Q;8 — 137Q!oa6 
lQQa\(XQaTa^ — 7^^a2aQajas—?>0azOLQaTa^ — 2ba4aQa'iag,—A&a'^aTas — 'iTa^ 

14a3a7a8 — 7a4a7a8 — 26a6a7a8— 5a7a8— 63aga| — 84aoaia| — 28a^a|— 63aoa2a|— 42aiQ;2Q;| — 15q;2Q;| — 
42aoa3Q!g — 28aia^a^ — 20a2a3a| — BagOg — 21aoa4a| — 14aia4ag — 10a2a4a| — 6030403 — 0403 — 
92Q!oa60g — 64Q;iOgQ!g — 48q!2Q^6Q^8 "'^^'^s'^e'^s ^ 16a4a6CK8 ^SSogOg — 46aoQ^7Q^8 ^32010705 — 24a2a7a8 ~ 

16030701 — 804070! — 33O6O70I — 9O70I — 19oo08 — 12oi08 — 90208 — 603O8 — 3O4O8 — 140608 — 7o708 — 

2o8 + g^Og (oo + 08)^ + goo (oq + 08) (IIoq + 24ooOi + IO04 + 180002 + 15oi 02 + 6o| + I200O3 + IO01O3 + 
80203 + 303 + 60004 + 50104 + 40204 + 30304 + 04 + 160006 + IGoiOg + I202O6 + 803O6 + 404O6 + 6og + 
800O7+801O7+602O7+403O7 + 204O7 + 606O7+O7 + II00O8 + I201O8 +902^8 + 60308+30408+80608 + 
4o708 + 3o|))+p'^(—l + (7)(7^(—36ooof — 20of — 54ooOi02 — 45o^02 — 1800^2 ^33oio| — 8o2 — 3600O1O3 — 
30ofo3 — 24000203 — 4401O2O3 — I602O3 — 6Q0Q3 — 14aiQ3 — IO020I — 203 — I800O1O4 — 15of 04 — 
12000204 — 2201O2O4 — 802O4 — 600O3O4 — I401O3O4 — 10020304 — 303O4 — 3oio| — 2o2o| — 030I — 
24Q|Q6—36oi0206 — 12o|o6 — 24oi0306 — 16o20306 — 4o306 — 12Qi0406 — 8o20406 — 4o3040g — 120^07 — 

I801O2O7 — 6O2O7 — 12010307 — 802O3O7 — 20^07 — 601O4O7 — 4O2O4O7 — 2O3O4O7 — 18o^08 — 2701O2O8 — 

902O8 — I801O3O8 — I202O3O8 — 303O8 — 9Q1Q4O8 — 602O4O8 — 303O4O8 + g'^(2oo + O8)(10oq + IO00O8 + 
Og) + (j(— 20og — 96ooOi — 4ooof + 20q\' — 72oqQ2 — 600O1O2 + 45of 02 — 600O2 + 33oi02 + 803 — 48oQa3 — 
4ooOi 03 + 3O01O3 — 800O2O3 + 4401O2O3 + I602O3 — 6ooo| + 14oio! + IO02O3 + 2o;3 — 24oQa4 — 2ooai 04 + 

I5O1O4 — 4O0O2O4+22O1O2O4 + 8O2O4 — 6oo0304+ 14oi0304 + 10020304 +3o§04 — 4oo04+3oia| + 2o2o| + 
C«3C«4~40OqO6 — 64ooOi06 +240i06 — 4800O2O6 + 3601O2O6 + I2O2O6 — 32O0O3O6 + 24O1O3O6 + I602O3O6 + 

403O6 — I600O4O6 + I201O4O6 + 802O4O6 + 403O4O6 — 24ooOg — 4o6 — 20ogO7 — 32ooOi07 + 12of 07 — 
2400O207+I801O2O7+602O7 — I600O3O7+I201O3O7+802O3O7+203O7— 800O4O7+601O4O7+402O4O7+ 
203O407— 2400O6O7— 606O7— 400O7— 206O7— 30oqO8— 9600O1O8— 2of 08— 7200O2O8— 301O2O8— 3o|o8 — 
48oo0308— 2010308— 4020308— 303O8— 2400O4O8— Q1Q4 08 — 2020408 — 3030408 — 2o|o8—40ao0608 — 
32oi0608 — 24o2060g — I603O6O8 — 804O6O8 — 12ogOg — 20oo070g — I601O7O8 — I202O7O8 — 803O7O8 — 
404O7O8 — 12o6070g — 2oy08 — 18ooo| — 24oio| — I8020I — I2030I — 6040I — 12o6o| — 6070I — 401) + 
g^(96ogOi +40ooof + 7200O2 + 6O00O1O2 + 24ooo| + 48og03 +4O00O1O3 + 3200O2O3 + I200O3 + 24og04 + 
2O00O1O4 + I600O2O4 + I200O3O4 + 4ooo| + 40aQO6 + 64ooOi06 + 4800O2O6 + 3200O3O6 + I600O4O6 + 
24ooo|+20oo07+32ooOi07+24oo0207+16oo03Q7+8oo0407+24oo0607+4oo07+96ooOi08+20o^08 + 
7200O2O8 + 3O01O2Q8 + 12o|o8 + 4800O3O8 + 2O01O3O8 + I602O3O8 + 60308 + 2400O4O8 + IO01O4O8 + 
802O4O8 + 603O4O8 + 20403 + 4O00O6O8 + 32oi0608 + 2402O6O8 + 16o3060g + 804O6O8 + 12ogOg + 

20O0O7O8 + 16OiO7O8 + 12o2O7O8 + 8o3O7O8+4o4O7O8 + 12o6O7O8 + 2Q7Q8 + 6Q0Og + 24oiOg + 18o2Og + 

12o30g+6a40g+12o60g+6o70g+3o|))+p^g(—24ooOi—15oi—54ooofo2—45ofo2—36ooOi02— 480^03 — 
600O2 — 2I01O2 — 3o| — 36000^03 — 300^03 — 4800O1O2O3 — 64o^0203 — I200O2O3 — 42010303 — 802O3 — 
I200O1O3 — 19of o| — 600O20I — 2501O2O3 — 702O3 — 401O3 — 202O3 — 18000^04 — 150^04 — 2400O1O2O4 — 

32O1O2O4 — 6ooo|o4 — 2l0i0|04 — 4O2O4 — I2O0O1O3O4 — 190^0304 — 600O2O3O4 — 25O1O2O3O4 — 

702O3O4 — 6oio§04 — 3o2o|o4 — 2>a\a\ — 4oi02o| — a\a\ — 201O3O4 — 02O3 04 — 16of 06 — 3601O2O6 — 
24oio|o6 — 402O6 — 24of 03O6 — 3201O2O3O6 — 80I03O6 — 8oio|o6 — 4o2o|og — 12of 04O6 — I601O2O4O6 — 
402O4O6 — 801O3O4O6 — 402O3O4O6 — 801O7 — 18of O2O7 — 12oio|o7 — 202O7 — 120^0307 — I601O2O3O7 — 

40I03O7 — 4O1O3O7 — 2O2O3O7 — 60^0407 — 804020407 — 20I04O7 — 4O1O3O4O7 — 2O2O3O4O7 — 120i08 — 

2701O2O8 — I801O2O8 — 302O8 — I801O3O8 — 2401O2O3O8 — 60I03O8 — 601O3O8 — 302O3O8 — 901O4O8 — 
I201O2O4O8 — 302O4O8 — 601O3O4O8 — 3o203040g + 3q^qo(qo + 08)(5oq + 5oo08 + o|) + (7^(— lOSog — 
288qqOi - 120ooof - 24ooof - 15of - 2I600O2 - I8O00O1O2 - 54ooo^02 - 45of 02 - 72oo02 - 3600O1O2 - 
48of 02 — 600O2 — 2I01O2 — 302 — 144oq03 — 120oqOiO3 — 3600O1O3 — 30of 03 — 96og0203 — 4800O1O2O3 — 
64o^0203 — I200O2O3 — 42Q1O2O3 — 802O3 — 36qoo! — 12ogOio| — 19of o^ — 6og020§ — 25oi02o! — 7Q2O3 — 
4O1O3 — 2O2O3 — 720q04 — 60OgOiO4 — 18ogOi04 — I501O4 — 4800O2O4 — 2400O1O2O4 — 3201O2O4 — 
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Gaoo^cxi — 21aia\ai ~ Aa^on — 36aQa3a;4 — 12aaaia^oc4^ — lQa\a^ai — 6aoa2Q;3Q;4 — 2baia20L^ai — 
Ta^a^ai — Qa\a\ai — 3a2a^a4 — Vlcyf^nl — 'dafa^ — Aaia20i'\ — a'^a\ — 2aiaza^ — 020:3 q;| — 240aQa6 — 
384q;qQ;iq;6 ^ 152aoQ;f og — SBa'^Qe ^ 288qqQ;2Q^6 ^ 228q!oQ^iQ^2Q^6 ^ 12(Sa\a2Cx.Q — 84aoQ^2'^6 ^ 90q!iq;2Q^6 ~ 

20020^6 ^ 192000306 — 15200010306 — 840^0306 — 11200020306 — I2O01O2O3O6 — 4OO2O3O6 — 36ooO§06 — 

3601O3O6 — 24020306 — 403O6 — 96000405 — 76aoOi0406 — 4201O4O6 — 5600O2O4O6 — 6004020406 — 
2O02O4O6 — 3600O3O4O6 — 3601O3O4O6 — 2402O3O4O6 — 60I04O6 — 8ooo|o6 — 6oio|o6 — 4o2o|o6 — 
2030I06 — 197ooOg — 200ooOio| — TSofol — 150oo02o| — 117oi02o| — A2a^a\ — IOO00O30I — 7801O3O6 — 

56o2O3o| — 17o3o|—50o0O4O§—39oiO4O§—28o2O4o| — 17o3O4o| — 3o4O6 — 72o0O6—48oiOg— 360206" 

24o30g — 12o40g — llo| — 120oqO7 — 192oqOi07 — 7600O1O7 — 28ofo7 — I4400O2O7 — II400O1O2O7 — 
630^0207 — 4200O2O7 — 4501O2O7 — IO02O7 — 9600O3O7 — 7600O1O3O7 — 4201O3O7 — 5600O2O3O7 — 
6O01O2O3O7 — 20020307 — 18000307 — 18oio|o7 — I202O3O7 — 20307 — 4800O4O7 — 3800O1O4O7 — 

2IO1O4O7 — 28O0O2O4O7 — 3OO1O2O4O7 — IO0I04O7 — I8O0O3O4O7 — I801O3O4O7 — I2O2O3O4O7 — 3o§0407 — 
4O0O4O7 — 30io|o7 — 2020|07 — O30I O7 — I97O0O6O7 — 2OO00O1O6O7 — 78O1O6O7 — I5O00O2O6O7 — 
117ai020607 — 42O2O6O7 — IOO00O3O6O7 — 7801O3O6O7 — •56q:20:;5Q6Q7 ^ I7O3O6O7 — 5O00O4O6O7 — 
39O1O4O6O7 — 2802O4O6O7 — I7O3O4O6O7 — 3O4O6O7 — IO800O6O7 — 72O1O6O7 — 54O2O6O7 — 3603O6O7 — 

I804O6O7 — 2206O7 — 4700O7 - 5600O1O7 - 22ofo7 - 4200O2O7 — 3301O2O7 — 12o|o7 - 2800O3O7 — 
22010307 — I602O3O7 — 503Q7 — 14aoa4a7 — 110:1040:7 — 802O4O7 — ^a^aiO^ — a^al^ — 56ooOg07 — 
4O01O6O7— 3O02O6O7—2O03O6 07 — 1004060:7 — ISogOy — lOoQoi^— 801O7—602O7— 4o307 — 2o40y — 7og07 — 
O7 — 210oqO8 — 432ooOi08 — 120ooQf os — 12q\'o8 — 324oo0208 — I8O00O1O2O8 — 27of 02O8 — 72ooo|o8 — 
18oio|o8 — 302O8 — 2I600O3O8 — I2O00O1O3O8 — ISofosOs — 9600O2O3O8 — 2401O2O3O8 — 602O3O8 — 
3600030:8 — 601O3O8 — 302O3O8 — IO800O4O8 — 6O00O1O4O8 — 901O4O8 — 4800O2O4O8 — I201O2O4O8 — 

3o|o408 — 36O0O3O4O8 — 601O3O4O8 — 3O2O3O4O8 — 12ooo|o8 — 360OqO6O8 — 384ooOi0608 — 7601O6O8 — 
288O0O2O6O8 — II4O1O2O6O8 — 42O2O6O8 — I92O0O3O6O8 — 7601O3O6O8 — 5602O3O6O8 — 18o§0608 — 

960004O6O8— 3801O4O6O8 — 2802O4O6O8 — I803O4O6O8— 4o|o608 — 197ooo|o8 — 100oio|o8 — 75o20g08 — 
50o3OgO8 — 25o4o|o8 — 36og08 — I8O00O7O8 — I9200O1O7O8 — 38of 07O8 — I4400O2O7O8 — 5701O2O7O8 — 
21o207a8~96oo030708— 3801030703— 2802030703— 9o§0708— 4800040703— 1904040708- 1402040703— 
903040708 — 2040708 — 197O0O6O7O8 — 100O1O6O7O8 — 7502060708 — 50O3O6O7O8 — 2504060708 — 
54o§0708 — 4700O7O8 — 2801O7O8 — 2I02O7O8 — I403O7O8 — 704O7O8 — 2806O7O8 — 507O8 — 156o§o| — 
192aoOiOg — 20of 08 — 144oo020g — 3O01O2O8 — 12o|o8 — 96oo030g — 2O01O30I — 16020303 — 603O8 — 
4800O40I — 10oiO4Og — 8o2040g — 603O40I — 2o|o| — 172oo06o| — 80oiO6o| — 60o2O6Og — 4O03O60I — 
2O04O60I — 45o|o| — 8600O70I — 4O01O70I — 3O02O70I — 2O03O70I — IO04O70I — 4506O70I — 1 lo70g — 
51ooo| - 24oio| - I8020I - I2030I - 6040I - 26o6o| - 13o7o| - 6o|) + g^(30oo + 144ogoi + eOogof + 
IO800O2 + 9O00O1O2 + 36oq02 + 72oq03 + 6O0QO1O3 + 4800O2O3 + I800O3 + 36oq04 + 30oqOiO4 + 
2400O2O4 + I800O3O4 + 6o§o| + 8O00O6 + 9600O1O6 + 7200O2O6 + 4800O3O6 + 2400O4O6 + 36ooOg + 
40oqO7 + 48oqOi07 + 360QO2O7 + 2400O3O7 + I200O4O7 + 3600O6O7 + 600O7 + 6O00O8 + 216oQQ:ia:8 + 
60ooo^08 + I6200O2O8 + 9O00O1O2O8 + 3600O2O8 + IO80QO3O8 + 6O00O1O3O8 + 4800O2O3O8 + I800O3O8 + 
5400O4O8+3O00O1O4O8+2400O2O4O8 + I800O3O4O8+6000I08+I2O00O6O8+9600O1O6O8+7200O2O6O8+ 

48O0O3O6O3+24a0O4O6O8+36o0o|o8 + 60o0O7O8+48O0OiO7O8 + 36o0O2O7O8+24o0O3O7O3 + 12o0O4O7O8 + 

3600O6O7O8 + 600O7O8 + SIoqoI + 96ooOio| + 10oio| + 72oo02o| + 15oi02o| + Ga^ce^ + 4800O3O8 + 

10olO3Qg+8O2O3Og+3O3o|+24o0O4Og + 5olO4Og+4o2O4Og+3o3O4Og+o|og + 56o0O6Og + 16oiO6a| + 

12o206o| + 8o3060g + 4o4060g + 6ogo| + 28oo070g + 8oi070g + 6020703 + 4030705 + 2040703 + 
606O70I + O70I + 21ooOg + 12oiOg + 9o20g + 6o30g + 3o40g + 8ogOg + 4o7o| + 3o|) + g(60oo + 144ooOi + 
60ooof + 48ooof + 30of + 108ogO2 + 90ogOiO2 + 108ooof 02 + 90o'Jo2 + 36og02 + 72ooOio| + 96of O2 + 
12oo02+42oi02+6o|+72oo03+60ooOi03+72ooof O3+60ofo3 +4800O2O3+9600O1O2O3 + 1280^0203 + 
2400O2O3 + 84oio|o3 + I602O3 + 18ooo| + 24ooOio| + 3801O3 + 12oo020§ + 5O01O2O3 + Malal + 
801O3 + 402O3 + 3600O4 + 30000104 + 3600O1O4 + 30of 04 + 24oq0204 + 4800040204 + 64of 02O4 + 
12ooo|o4 + 42oio|o4 + 802O4 + I800O3O4 + 2400O1O3O4 + 3801O3O4 + I200O2O3O4 + 5O01O2O3O4 + 
I402O304 + 12oio§04 + 6o20§04 + 600O4 + Qa\a\ + 801O2O4 + 202O4 + 401O3O4 + 202O3O4 + I6O00O6 + 
28800O1O6 + 152ooof 06 + 72oi06 + 2I600O2O6 + 22800O1O2O6 + I6201O2O6 + 84ooo|o6 + II401O2O6 + 

24Q:2Q:g + 144QoQ3a:g + 152ooOi0306 + 1080i0306 + 112oo020306 + 152a:iQ2Q;!Q6 +480:20:306 + 36000306 + 
44oio|o6 + 28o2o|o6 + 4O3O6 + 7200O4O6 + 7600O1O4O6 + 5401O4O6 + 56O0O2O4O6 + 7601O2O4O6 + 
2402O4O6 + 3600O3O4O6 + 4401O3O4O6 + 2802O3O4O6 + 6030406 + 8000406 + 6oio|o6 + 4o2o|o6 + 
203O4O6 + 161ooo| + 200ooOiOg + 78oiQ:g + 150oo020g + 117oi02Q:g + 42o2o| + IOO00O3O6 + 7801O3O6 + 
56O2O3O6 + 17O3O6+50O0O4O6+39O1O4O6+28O2O4O6 + 17O3O4O6+3O4O6+72O0O6+48O1O6+36O2O6 + 
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24Q;3a| + 12Q;4Q;g + 12ag + SOa^aj + lAAaQaiaj + TGao^f 0:7 + SGafar + 108aQa2a7 + 114QoQia2Q!7 + 
810:^0:20:7 + 4200020^7 + 57q:iq:2Q^7 + 120:20:7 + 72qqQ3Q7 + 7600010307 + 540^0307 + 560:0020307 + 

7601O2O3O7 + 24O2O3O7 + 18ooo|o7 + 22O1O3O7 + I4O2O3O7 + 2O3O7 + 360QO4O7 + 3800O1O4O7 + 
270^0407 + 2800020407 + 3801020407 + 12020407 + 1800030407 + 220103 0407 + 14o2030407 +3o§0407 + 
4000407 + 30iq|o7 + 2o2o|o7 + O30I 07 + 1610oa6C*7 + 2000001060^7 + 78of Og07 + 15000020607 + 
II7O1O2O6O7 + 42o|o607 + IOO00O3O6O7 + 7801O3O6O7 + 5602O3O6O7 + I7O3O6O7 + 5O00O4O6O7 + 

390104 O6O7 + 2802O4O6O7 + I703O4O6O7 + 304O6O7 + 108ooo|o7 + 72oio|o7 + 54o2o|o7 + 36030I07 + 
I8040I07 + 24og07 + 4I00O7 + SGooOiOy + 22ofoY + 42oo020y + 3301O2O7 + I202O7 + 28000307 + 

22O1O3O7 + I602O3O7 + 5o|o7 + 14oo040y + II01O4O7 + 802O4OY + 5O3O4O7 + O4O7 + 5600O6O7 + 

400106 O7+30o2O6of +20030607+10040607+190507+100007+80107+60207+40307+20407+70607+ 
O7 + 120ogO8 + 216oqOi08 + 60ooof og + 24af os + 162oq0208 + 90ooOia208 + 54of 0203 + 36000308 + 
36oia|o8 + 602O8 + IO800O3O8 + 60ooai0308 + 360^0308 + 4800020308 + 4801020308 + 12o|o308 + 
18ooa|o8 + 12010308 + 6020308 + 54aQa408 + 3000010403 + 180^0408 + 24ooa20408 + 2401020403 + 
6030403 + 1800030403 + 1201030403 + 602O3O4O8 + 6aoo|o8 + 240ao0608 + 28800010503 + 76of 0503 + 
2I60002O6O8 + II401O2O6O8 + 4202O6O8 + I4400O3O6O3 + 7601O3O6O8 + 5602O3O6O3 + I803O6O3 + 

72o0O4OgO8 + 38oiO4O6O3 + 28O2O4O6O3 + 18O3O4O6O8+4o4O6O8 + 161O0OgO3 + 100oiOgO3 + 75O2OgO3 + 

50o3OgO8 + 25o4ag03 + 36ag03 + 120000703 + I4400O1O7O8 + 3801O7O3 + 10800020703 + 5701020703 + 

21O2O7O8 + 72O0O3O7O8+38O1O3O7O8+28O2O3O7O8+9O3O7O8+36O0O4O7O8 + 19O1O4O7O8 + 14O2O4O7O8+ 

9O3O4O7O8 + 2o|o708 + 16100060708 + IOO01O6O7O8 + 75020g0708 + 50o3OgO7O8 + 25O4O6O7O8 + 

54og0708 + 4I00O7O8 + 2801O7O8 + 2I02O7O8 + I403O7O8 + 704O7O8 + 2806O7O8 + 507O8 + 87ogo| + 
96ooOio| + lOo^Og + 7200O2O8 + 15oi020g + 602O8 + 48oo03o| + IO01O3O8 + 8020303 + 3030I + 
2400O4O8 + 5oi040g + 4o2040g + 3o3040g + o|og + 116ooOgOg + 64oiOgOg + 48o20gOg + 32o30go| + 
16o4ago| + 39o§o| + 58oo070g + 32oi07o| + 2402O70I + I603O70I + 804O70I + 39og07o| + IO070I + 
27ooo| + 12oio| + 9o2o| + 603O8 + 3o4o| + 18o6o| + 9o7o| + 3og))+p(— oi(oi +02)(oi +02 + 03)(oi + 
02+03+04)(oi +02+03+04+05)+3g^OQ(oo+og)^(2oo+ og)+2g^oo(oo+08)(18oi]+48oQOi+20ooof + 
3600O2 + 3O00O1O2 + 12ooo| +2400O3 + 2O00O1O3 + I600O2O3 + 6ooo| + 12oq04 + IO00O1O4 + 800O2O4 + 
6oo0304+2oo04+30oo06 + 32ooOi06+24oo0206 + 16oo0306 + 8oo040g + 12ooo| + 15oQ07 + 16ooOi07 + 
I200O2O7 + 800O3O7 + 400O4O7 + I200O6O7 + 200O7 + 27oq08 + 48ooOi08 + 10o^O8 + 3600O2O8 + 
I501O2O8+60I08+2400O3O8 + IO01O3O8+802O3O8+303O8 + I20004O8+501O4O8+402O4O8+303O4O8+ 

o|o3 + 30O0OgO8 + 16oiO6O8 + 12o2OgO8 + 8o3OgO8 + 4o4O6O8 + 6OgO8 + 15O0O7O8 + 8OiO7O8 + 6O2O7O8 + 
4o3O7O8 + 2o4O7O8 + 6ogO7O8 + ofo8 + 15o0o| + 12oio| + 9o2o| + 6o3o| + 3o4o| + 8o6o|+4o7o| + 3O8) + 

g2(-114o^ - 288o;5oi - 228ogof - 108o^o? - 30ooof - 2160^^03 - 342ogoi02 - 243o^of 02 - 90ooof 02 - 
126o|jo2 — 17l0g0i02 - 96ooof o| — 36oq02 — 42ooOi02 - 6ooo| — 144og03 — 22800O1O3 — 162ogof 03 — 
60ooof 03 — I6800O2O3 — 22800O1O2O3 — 128000^0203 — 72ooo|o3 — 84ooOio|o3 — I600O2O3 — 5400O3 — 
66oqOio§ — 38ooof o§ — 42og02o| — 5O00O1O2O3 — lAaoO^ct'^ — 6oqo| — 800O1O3 — 400O2O3 — 72oq04 — 
114oqOi04 — 81ogof 04 — 30ooofo4 — 84og0204 — 114ogOi0204 — 64ooo^0204 — 36og0204— 4200O1O2O4 — 

8O0O2O4 — 54O0O3O4 — 66O0O1O3O4 — 38000^0304 — 42o§020304 — 5O00O1O2O3O4 — I4O0O2O3O4 — 

900O3O4 — I200O1O3O4 — 600O2O3O4 — 12ogo| — 9ogOi04 — 6ogof 04 — 600O20I — 800O1O2O4 — 2ooo|o4 — 
3O0O3O4 — 400O1O3O4 — 200O2O3O4 — 300ogOg — 576ogOi06 — 376og0^06 — 112ooofo6 — 432oQ020g — 
564oQOi020g — 252ooo|o20g — 204oQO2Og — 180ooOi020g — 4O00O2O6 — 288oq0306 — 376ogOi0306 — 
168000^0306 — 272og02030g — 240ooOi02030g — 8O000I03O6 — 84oqo|o6 — 7200010306 — 4800O2O3O6 — 
800O3O6 — 144og0406 — I880QO1O4O6 — 84ooof 04O6 — 136og020406 — I2O00O1O2O4O6 — AOaoa^a^aa — 
84oQ03040g — 72ooOi03040g — 480002030400 — 1200030400 — 16ogo|og — 12aQaia^ag — 8oo02o|og — 
4oo03o|og — 298oQOg — 400ooOiOg - 156ooof o§ - 300ogO2o| - 234ogOi020§ - 84ogo|o§ - 200oo030§ — 

1560oOi030g — 112oo02030g — 34oo030g — IOOO0O40I — 78ooOi040§ — 56oo02040g — 34oo03040g — 

6ooo|og — 132ooOg — 96ooOiOg — 72oo020g — 48oo03o| — 24oo04o| — 22ooOg — 150ogO7 — 288oqOi07 — 
188ooofo7 — 56ooofo7 — 2I600O2O7 — 28200O1O2O7 — I2600O1O207 — IO200O2O7 — 9O00O1O2O7 — 
2O00O2O7 — I4400O3O7 — I8800O1O3O7 — 8400O1O3O7 — I3600O2O307 — I2O00O1O2O3O7 — 4O00O2O3O7 — 
42ooO§07— 36ooOio|o7— 24oo02o|o7— 400O3O7 — 7200O407— 940QO1O4O7— 42ooof 04O7— 6800O2O4O7 — 

6O00O1O2O4O7 — 200:0020:40:7 — 42QQO3O4O7 — 3600O1O3O4O7 — 240:00:20:30407 — 60oO§0407 — 8o:qo|o:7 — 

600010407 — 400O2O4O7 — 200O3O4O7 — 298aoOga7 — 400oqOiO6O7 — 156ooo^a607 — 300ao020g07 — 
234ooaia20g07 — 8400020507 — 200ao030ga7 — 156ooaia30g07 — 1120002030507 — 3400030007 — 

IOOO0O4O6O7 — 780oOi 04 O6O7 — 56000:20:40607 — 34O0O3O4O6O7 — 6Q:oQ:|oGO:7 — 1980oo|o7 — 144ooO:iQ:g07 — 

108ooa20g07 — 72oo030ga7 — 36oo040g07 — 44aoOga7 — 780007 — II200O1O7 — 44000^07 — 8400O2O7 — 
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SGaoctgaf — 20aQaY — IGaoaia^ — 12a()a20.^ — Saoascty — 4aoa4Q!7 — lAaoaea^ — 2a()aj — 285Q!Qa8 — 
576aoQ;ia8 ~342Q;gaf as — lOSaoaf as — ISafag — 432aQa2a8 — 513aoaia2as — 243aoa^a2as — 45af a2a8 ~ 
189aQQ;|a8 — niaoaio^as ^ 48af a2a8 — 36aoa2Q:8 — 21aia2a8 ~ 3a|a8 — 288aQa3a8 — 342Q;gaia3a8 — 
162aoa^a3as — SOa^^aaas ~ 252aQa2'^3Q8 ^ 228ao'^i 0^20^30^8 ~ 64a^a2a3a8 — 72aQa^a^a^-' A2aia^a^a^ — 
Sa^aaas ^ Slagalag — 66aoaia|as — 19af agag — A2aQa2a^ceg, — 2baiQ.2a1a% — la^a^a^ — Qa^a^a^ — 
4aia3a8— 2a2a3a8— 144aga4a8 — 171aoaia4a8— 81aoa^a4a8 — 15af a4as — 126aQa2Q:4a8 — 114aoQ:iQ;2Q!4Q!8~ 
32a^a2a4a8 — 36aoa2a4a8 — 21aia|a4a8 — 4a2a4a8 ~ 8lQ;ga3a4a8 — 66aoaia3a4a8 — 19afa3a4a8 ~ 
A2aoa2CX3CX4as — 25aia2C(3a4as — 1 a^oizoi40i-g, — 9aoa3a4a8 — 6aia3a4a8 — 3a2a|a4a8 — 18aQa4a8 — 
9aoaia|a8 — 3a^a4a8 — 6aoa2a|a8 — 4aia2a|a8 — o3^ a|a8 ~ 3aoa3a|Q;8 ~ 2oL\cx.'j,a\a-g, — 0,2 asalag — 
SOOaQaeas — 864aoaia6CK8 — 376aoa^a6a8 — 56af aeas — 648aQa2a6Q;8 — 564aoaia2a6a8 — 126ala2aeas — 
204aoa|a6a8— 90aia|a6Q:8— 20a2a6a8— 432aQa3a6a8~376aoQ;iQ;3a6a8— 84af a3a6a8~272aoCK2CK3Ct6Ct8~ 
120aia2Q;3Q!6Q:8 — 40a2Q:3Q!6Q;8 — 84aoa3a6Q!8 — 36aia|a6a8 — 2Aa20i\a.Qa% — Aa^a^a^ — 21QaQaiaQa% — 
188aoaia4a6a8 — 42a\oi4a.QOig, — 136aoQ:2Q^4Q^6Ct8 ~ 60aia2a4a6a8 — 20a2a4a6Q:8 — 84aoa3a4a6a8 — 
36aia3a4a6a8 ~ 24020(3040^0^ — 6a3a4a6a8 ~ 16aoa4a6a8 ~ Oaialagas — 4a2a4a6a8 ~ 2a3a4a6Q:8 — 
447aoa§a8 — 400aoaia|Q:8 — 78aja|a8 — 300Q;oa2a|Q;8 — 117aiQ;2a|a8 — 42a2ae''^8 — 200aoa3a|a8 — 
78aia3a|a8 — 56a2a3a|a8 — 17a|Q;§a8 — 100aoa4a|a8 — 39aia4a|Q;8 — 28a2a4aga8 — 17a3a4aga8 — 
3a|aga8^132aoaga8— 48Q;ia|a8—36a2a|a8^24a3aga8 — 12a4a|a8 — llaga8—300Q;ga7a8—432aQai 0:70:8 — 
188aoaf a7a8 — 28af a7a8 — 324aoa2Q!7a8 ~ 282aoaia207a8 — 63af a2Q:7Q;8 — 102Q;oct2Q!7Q:8 ~45aia2a7Q!8 — 
10a2a7a8— 21 GagOa 0708^1 88aoai 03 0708— 42afa30708 — 136aoQ^2Ct3 0^7^8—600! ia2 030708— 20a|a3a7a8 — 

42Q0O3Q7O8 — 1801030708 — 1202030708 — 2030708 — 10805040708 — 940901040708 — 21afo4Q7Q8 ~ 

680902040708 — 3O01O2O4O7O8 — 1002040708 — 42aoQ;3Q!4Q!7Q;8 — 180103040:708 ~ 12a2QJ3QJ4Q!7Q!8 ~ 
303040708 — 800040708 — 3oio|a708 — 2020I07O8 — 03 O4O7O8 — 447oQOg0708 — 400ooOiaga708 — 
78oiOg0708 — 300ao02ag0708 — 117oi020g0708 — 42o|og0708 — 200oo030g0708 — 78oi030g0708 — 

5602030g0708 — 17o|og0708 — 100ooa40g0708 — 39oi040g0708 — 2802040g0708 — 1703040g07a8 ~ 
3a40g0708 — 198ooo|o708 — 72oio|o708 — 54o2o|o708 — 36030^0708 — I8040I07O8 — 220g0708 — 

117ao0708 — 11200010708— 22ofo708— 8400O2O7O8— 3301O2O7O8 — I202O7O8— 5600O3O7O8— 2201O3O7O8 — 
16020:30708-5030708-2800040708-1101040708-802040708-503040708—01 O7O8 — 106ooOg0708 — 

40OiagO7O8 — 30Q2OgO7O8 — 2G030g0708 — 10o4OgO7O8 — 180g0708 — 2O00O7O8 — 801O7O8 — 602O7O8 — 

403O7O8 — 204O7O8 — 7og0708 — O7O8 — 274oQOg — 4G8oqOio| — 17Gooof o| — 32oio| — 306oqO2o| — 
255ooOia20g — 720^020! — 93qoQ208 ^ 51oio|o| — llo20g — 204oqO3o| — 170aoai03o| — 48QiQ3Q:g — 
I2400O2O30I — 6801O2O30I — 2202O30I — 3900O30I — 20oiO3Og — 13o2030g — 2o30g — 102oQQ4Og — 
85ooOi04o|—24ofo4o|— 620002040!— 3401O2O40I — I I02O40I—3900O3O40I—2O01O3O40I — I3Q2O3O40I — 
3o§04ag — Sooolog — Soiolog — 2o2o|og — 030I Og — 432oQOgOg — 416aoai0608 — lOOafogOg — 
312oo020go| — 150oiO2Ogo| — 54o20gOg — 208oo030gOg — 100oiO3OgOg — 72a2030gOg — 22o30gOg — 
104oo040go|— 50oiO4Ogo|— 36o2040go|— 22o3040go|— 4o40go|— 215ooo|o| — 100oio|o|— 75o2o|o| — 
50o3ago| — 25o4o|o| — 32ogOg — 216oq07o| — 208ooOi07a| — 50oiO7Og — 1560002070^ — 75oi0207o| — 
2702O70I — 104oo03070g — 5O01O3O70I — 3602O3O70I — llo|o7o| — 520004070I — 2501O4070I — 

180204070g — ll0304070g — 2o4070g — 215aoOg070g — 100oiOgO7Og — 75020g070g — 50o3OgO7Og — 

25a40g070g — 48ag070g — a^a^a^ — 28aiOja'^ — 21o2070g — 14030703 — 704O70I — 26og070g — 
5a70g — 126aQOg — 12GooOiOg — 28oiOg — 9Goo02o| — 42oi020g — 15a20g — 60ao030g — 28oi030g — 
20o2O3Og — 6o30g — 30oo040g — 14oi040g — 10o2O4Qg — 60:30405 — o^Og — 132ooOgOg — 64oiOgOg — 
48o20go| — 32o30go| — 16o40go| — 33ogOg — 6600O70I — 32q:i07o| — 2402O70I — I603O70I — 8040705 — 
3306O7O8 — 9070^ — 27ooa| — 120108 — 9o2a| — 60303 — 3a4o| — 14o6o| — 7o7o| — 20!) + 9(72oo + 
1920^01 + IBBo^of + lG8o^,of + 24ooaf - 4af + 144a^02 + 282ogai02 + 243o^afa2 + 72aoa\a2 - 
15of 02 + 1G2oq02 + 171oqOi02 + 7800O1O2 — 2I01O2 + 3600O2 + 3600O1O2 — 13af O2 + 6q:oQ:| — 3oia2 + 
9600O3 + I8800O1O3 + 162ooofo3 +4800O1O3 — 10afo3 + 136ao0203 + 22800O1O2O3 + 104ooafo203 — 
28oi02a3+72aoo|o3+72ooOio|o3 — 26ofo|o3 + 16000303-8010203 +42ooo|+66ooOi o|+32ooafa§ — 
8oiO§ + 420QO2O3 + 4400O1O2O3 — 150^0203 + 14ooo|o| — 7oio|o§ + 600O3 + 800O1O3 — 201O3 + 
4oo02o| — 2oi02o| +480504 + 94ogOia4 + 81000104 + 24ooOia4 — 50^04 + 68000204 + 114ogOi0204 + 
52ooof 02O4 — 14of 0204 + 360QO2O4 + 36aoOi0204 — I'iala^ai + 800O2O4 — 4aia|o4 + 42050304 + 

66O0O1O3O4 + 32O0O1O3O4 — 8o:'i 0:30:4 + 42q:qO:2Q:3Q4 + 440001020304 — 15of O2O3O4 + 14ooO:2Q:3Q:4 — 

7oi0203a4+9aoa3a4 + 12ooaio§a4 — 3oiO§a4+6oo020§ 04 — 301020304+80004 +9000104+6000104 — 
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2aoa2a3a^ — ai a2(Xzol\ + 2^^(x\a^ + hVloi^a\a(, + STBaQafag + 112Q;oafQ;6 — 4QfQ6 + 384Q!Qa2a6 + 
564aQQ;iQ!2a6+252Q;oaf Q;2Q^6^12Q;f a2Q^6+204Q;Qa|a6 + 180aoaia2a6 — 12Q!f Q;2a6+40a 
256aoa3a6 + 376q;§q;iq;3Q;6 + IGSaoa^aaag — Saf asae + TJ2(X^a20izO.Q + 240aoQ;iQ;2a3Q;6 — 16q;^q;2Q;3Q;6 + 
80aoa|a3Q;6 — Saialasag + 84aga|a6 + 72aoQ!ia|a6 — 4afQ;3a6 + 48aoQ;2Q^3a6 ~4Q:iQ!2Q:3a6 + 8000:306 + 
128000406 + 188ogOi0406 + 84ooof O4O6 — 40J04O6 + 136og020406 + 120ooOi02040g — 80^020406 + 
40000I0406 — 401020406 + 84O0O3O4O6 + 72O0O1 030405 — 40^030406 + 480002030406 — 40102030406 + 
12ooo§0406 + I600O4O6 + 1200010406 + 8oo02o|o6 + 400O3O4O6 + 314ooO§ + 496ooOio§ + 232ooo^o§ + 
20ofo| + 372o^020§ + 348ooOi02o| + 45ofo2o| + 126ooo^o| + 33oio|o| + 8o^o| + 248o^03o| + 

232o0OiO3O§ + 30ofo3O5 + 168o0O2O3Og + 44oiO2O3Og + 16o|o3O6 + 52o0O3O6 + 14oiO3O5 + 10o2O3O6 + 

2030! + 124oQ040g + 116ooOi040g + 15o^04o| + 84oo0204o| + 22oi02040g + 8030405 + 52oo03040g + 

14oiO3O4Og + 10o2O3O4Og + 3o§O4O6 + 10o0O4O6+3oiO4O6+2o2O4O6+O3O4 06 +202o§Og +208ooOi06 + 

44of Og + 156oo02o| + 6601O20I + 24o|o| + 104oo03o| + 44oi030g + 3202O30I + lOogO^ + 5200O4O6 + 
22oi040g + 16o2040g + 10o3O4Og +2o|og +64ooo^+32oio|+24o2o| + 16o30^+8o40^+8o^ + 120o^07+ 
25600O1O7 + I8800O1O7 + 56ooof 07 — 2o|o7 + I9200O2O7 + 28200O1O2O7 + I2600O1O2O7 — 60^0207 + 
102ooo|o7 + 9O00O1O2O7 — 6ofo|o7 + 2O00O2O7 — 201O2O7 + I2800O3O7 + I8800O1O3O7 + 84ooof 03O7 — 

4ofo307 + I360QO2O3O7 + I2O00O1O2O3O7 — 8O4O2O3O7 + 4O000I03O7 — 404020307 + 420oO§07 + 

3600O1O3O7 — 2o^o|o7 + 240002030:7 — 2oi020§07 + 400O3O7 + 640QO4O7 + 940QO1O407 + 42000^0407 — 

20^0407 + 680QO2O4O7 + 6O00O1O2O4O7 — 4ofo20407 + 2O00O2O4O7 — 2O1O2O4O7 + 42OQO3O4O7 + 
36O0O1O3O4O7 — 20^030407 + 24O0O2O3O4O7 — 2O1O2O3O4O7 + 6ooO§0407 + 8O0O4O7 + 6O0O1O4O7 + 

400O2O4O7 + 200O3O4O7 + 31400O6O7 + 49600O1O6O7 + 232ooof O6O7 + 20of O6O7 + 372oq020607 + 
348ooOi020g07+45of O2O6O7+I26000I06O7+33010I06O7+802O6O7+2480QO3O6O7+23200O1O3O6O7+ 

300^030507 + 168o0O2O3O6O7+44oia2Q!3Q^6CK7 + 16o2O3OgO7 + 52o0O3O6O7 + 14aia3OgO7 + 10o2O§OgO7 + 
2o|og07 + 124oQ040g07 + 116ooOi 040507 + 150^040607 + 840002040507 + 220102040607 + 802040507 + 
5200O3O4O5O7 + I401O3O4O5O7 + IO02O3O4O5O7 + 3O3O4O5O7 + IO000I05O7 + 301 0^0507 + 2020|0607 + 
03 O4O5O7+303o0O6O7+312o0OiO5O7+66oiO6O7+234o0O2o|o7+99oiO2O§O7+36o2OeO7+156o0O3o|o7+ 

66O1O3O5O7 + 4802O30I07 + 15o§0507 + 78O0O40I07 + 33O1O40I07 + 2402040g07 + 1503040§07 + 

3040I07 + 128ooOg07 + 64oiOg07 + 48o20g07 + 32o30g07 + 16o40g07 + 20o|o7 + 74oq07 + II200O1O7 + 
44000^07 + 84oQ020y + 6600O1O2O7 + 2400O2O7 + 560QO3O7 + 4400O1O3O7 + 3200O2O3O7 + IO00O3O7 + 
28oQ0407+22ooOi0407+16oo020407+10oo030407+2oo0407 + 141oQOg07 + 136ooOi0507 +220^0507+ 

102o0O2O6O7+33oiO2O6O7 + 12o|o5O7+68o0O3O6O7+22oiO3O6O7 + 16o2O3O5O7 + 5o§O5O7 + 34o0O4O6O7 + 

II01O4O5O7 + 802O4O5O7 + 503O4O6O7 + o| 0507 + 88ooOg07 + 40oiOgO7 + 30o2OgO7 + 26030507 + 

10o4OgO7 + I8O5O7 + 2O0QO7 + I6O0O1O7 + I2O0O2O7 + 8O0O3O7 + 4O0O4O7 + 24O0O6O7 + 801O5O7 + 

602O5O7 +403O6O7 + 2040507 + 7o|o7 + 2oo07+og07 + 180oo08+384oQOi08 + 282oQofo8 + 108ooofog + 
12ofo8 + 288oQO2O8+423oQOiO2O8+243o0o|o2O8+36o'Jo2O8 + 153oQo|o8 + 171o0OiO2O8+39ofo|o8 + 
3600O2O8 + I801O2O8 + 302O8 + 192oq0308 + 282oqOi0308 + 162ooof 03O8 + 24of 03O8 + 204ogO2O3O8 + 

228O0O1O2O3O8 + 52ofo20308 + 72O0O2O3O8 + 3601O2O3O8 + 8O2O3O8 + 630gO§08 + 66ooOiO§08 + 

16oiO§08 + 4200O2O3O8 + 2201O2O3O8 + 7o2o|o8 + 600O3O8 + 4010308 + 2O2O3O8 + 96O0O4O8 + 
141O0O1O4O8 + 81O0O1O4O8 + 120*^0408 + 102OQO2O4O8 + 114O0O1O2O4O8 + 260^020408 + 36O0O2O4O8 + 

I801O2O4O8 +4o|o408 + 630g030408 + 6600O1O3O4O8 + 160^030408+420002030408 + 22O1O2O3O4O8 + 
70I03O4O8 + 9ooo|o408 + 6oio|o408 + 302o|o408 + 120qo|o8 + 9ooOio|o8 + 3o^o|o8 + 6O0O2O4O8 + 
4O1O2O4O8 + O2 O4O8 + 3O0O30I08 + 2O1O3O4O8 + O2 03o|o8+4800oOg08 + 7680oOi0508 +376oo04 0508 + 

56of O5O8 + 576og020508 + 56400O1O2O5O8 + 126of 02O5O8 + 204oo020608 + 90oio|o6O8 + 2O02O5O8 + 
384O0O3O5O8 + 376O0O1O3O6O8 + 840^030508 + 272O0O2O3O5O8 + 120O1O2O3O6O8 + 40O2O3O5O8 + 

840o030g08 + 360i030g08 + 2402030g08 + 4o|og08 + 1920o040g08 + I88O0O1O4O6O8 + 42of O4O6O8 + 
1360o02040g08 + 600102040608 + 20o|o4O6O8 + 84oo03040g08 + 360i03040g08 + 24O2O3O4O6O8 + 
60I04O5O8 + I600O4O5O8 + 601O4O6O8 + 402040g08 + 2o3040g08 + 4710oOg08 + 496ooOio|o8 + 
116o^0608 + 372O0O2O6O8 + 1740i020g08 + 63020g08 + 248oo030g08 + 1160i030g08 + 8402030g08 + 
26O3OgO8 + 124o0O4o|o8+58OiO4o|o8+42o2O4o|o8+26O3O4O6O8+5O4o|o8+202o0O6O8 + 104oiO6O8 + 
78020g08 + 52030g08 + 26040g08 + 32o|o8 + 240q'qQ:7Q:8 + 384o§Oi0708 + 188oo0^0708 + 280J07O8 + 
288oQO2O7O8 + 282o0OiO2O7O8 + 63of O2O7O8 + 102ooo|o708 +45O1O2O7O8 + IOO2O7O8 + I92O0O3O7O8 + 

1880001030708+420^030708+1360002030708+600102030708+2002030708+4200030708+1801030708+ 

120:2030:70:8 + 2o3Q7O8+96OgO4O7O8 + 94o0OiO4O7Q:8 + 210^04070:8 + 6800O2O4O7O8 + 3O01O2O4O7O8 + 

100I040708 +42O0O3O4O7O8 + 180103040708 + 120203040708 + 30I040708 +8O0O4O7O8 +301040708 + 
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2a2Ct'icx7<ys~^ct3 Q;4a7Q!8+471aQQ;6Q!7Q!8+496aoaia6a7ag + 116a^a6a7a8+372aoQ^2a6Q!7a8+174aia2Q!6a7Q;8+ 
63a|a6Q!7Q!8 + 2A8aoa3a6ajas + IWaia^agaras + 8Aa2a3aQafas + 26a^aeajas + 12Aaoa4aearas + 
58aia4a6a7a8+42a2a4a6a7Q!8+26a3a4a6Q;7a8+5a|a6a7a8+303Q!oQ!ga7a8+156aiaga7a8+117a2a6'^7a8 
78a3a§a7a8+39a4a§a7Q!8+64aga7a8+lllQ!§a7Q!8+112aoaiaya8+22a2a7a8+84aoa2a7Q!8+33aia2a7a8+ 
12a|aya8+56QoQ^3Q^7'28+22aia3aya8+16a2a3a7a8+5Q:3a7Q:8+28ao'24 0^70^8+1 



5a3a4aya8 
288aoaia8 ' 



a4 a7a8 + 141aoQ^6Q^7Q^8 + 68aia607Q:8 + hla2CtQa'^ag, 



2QaQQ^a% + 8aia7a8 + 6a2a7a8 + 
- 150aoQ:ia| + 32af a| + 216ala2af 



34a3a6a7a8 
12aQa^as 



lla2a| + 144a§a3a| + 150aoaia3a| - 
20Q;ia|ag 
llQ;|a4a8 



-48afa3a§- 



13a2a3Q:8 + + 72a^aia\ 



- 225aoaia2a| + 72a^a2a8 + 81aoa2Q^| + ^laio^al + 
' 108aoa2a3Q!| + 68aia2a3a8 + 22a|a3a| + 33Q;oa|ck| + 



33aoQ!3a4Q;g 



20aia3a4Q!g 



13Q;2Q;3a4Q;g + 3a|Q;4Q;g + QaQa\a\ 



cxsaf ag+356aoQ;6ag+384aoQ;iQ!6a| + 100a^a6Q;|+288aoQ;2Q;6a| 



lOOaiasagag + 72q;2Q;3Q;6Q!8 + 22a^aQa 



+ 233aoa^ a 



\ + 'Si^OL^^a. 40.^0? 
124aiQ;gag + 93Q;2agQ;g 



22a2a3ag 

24Q!4Q!4Q!g 

150aia2agQ!|+54Q!2ag 



5Aaoa2a4a'^ + 34:aia2a4a^ 



' 2a2a|Q;g 
192Q;oQ;3agQ;|- 



g -r 50Q;iQ!4Q;gQ;g + 36Q!2a4Q!gag + 22Q;3Q;4agag 



lAAaoa2arag 



62Q;3a;gQ!| + 3lQ;4Q!gag 
75Q;iQ;2a7Q;| + 27a2Q!7a| + 96q;oQ;3Q;7Q;| 



f 178Q!oa7Q!g 
50Q;ia3a7a| 



36a2Q;3a7ag+lla3a7agH-48aoa4a7ag+25aia4a7ag + 18a2a4a7ag+lla3a4a7ag+2a4a7ag^ 
124aiQ;gQ;7Q!|+93Q;2a6a7a|+62a3aga7a|+31a4aga7a| + 75a|a7a|+55aoa7a|+28aia7a|+21a2af a| + 



\hoi\oi\ + 48aoa3a| + 



2„,3 



+ 35agQ;7ag + 5a7Q!g + 87aQQ;: 
28aiQ;3Q!g + 2Qa2azc& 



2^,3 



64Q!iQ!gQ!g + 48a2agQ;g + 32a3Q!gQ;g 



24a2a7ag 



X^azCtTOL^ + 8Q;4Q;7Q!g 



38Q;gQ!7Q!g 



9a7ag 



96Q;oQ;iQ;g + 28Q;ia: 
24q;oQ;4Q;| + 14aia4ag 
+ 16a4agQ;g 



72aoQ;2a8 + 
f 10Q;2a4Q;| 
- 58Q!oa7Q;g 4 



42a;iQ;2Q;g 

f 6a3a4ag 
3 

8 " 



32Q!iQ!7Q;^ 



2lQ!oa| + 12Q;iag + 9a2ag + %a-^a\ + 3a4a| 



Waga^ + 7a7Q;^ + 2a%)). 
Here, the constant parameters 



satisfy the relation: 



6aQ + 5ai + 4a2 + Sas + 2a4 + ^5 + 4ag + 2a7 + Sas = 0. (55) 
The holomorphy conditions (C2), (C3) are new. Theorem 11.1 can be checked by a direct calculation. 
Proposition 11.1. The Hamiltonian I is its first integral. 

Remark 11.1. For the Hamiltonian system in each coordinate system {xi^yi) (i = 0, 1, . . . , 8) given by 
(C2) and (C3) in Theorem 11.1, by eliminating Xi oryi, we obtain the second-order ordinary differential 
equation. However, its form is not normal (cf. [3 [9]). 



12 Symmetry 

Theorem 12.1. The system (|54p admits the affine Weyl group symmetry of type E^'^ as the group of 
its Bdcklund transformations whose generators Si, i = 0, 1, . . . , 8 are explicitly given as follows: with the 
notation {*) :— {q,p, t; ao, ai, . . . , as), 



So ■ 
si : 

S2 

S3 

S4 
S5 

sg : 

S7 : 
ss : 



q H ,p,t; -ao, + ao, (32, 013, a4,Q;5, ag + ao, a7, a8 + ao 

P 



q,p 



ai 

q 



t; ao + ai, — ai, a2 + ai, a^, a4, as, ag, a7, a8 



{q,p, t; ao, ai + a2, -a2, as + a2, a4, 05, ag, a7, a8), 
{q,p,t; ao, ai, 02 + a3, -a^, a4 + 03,05, ag, 07, a8), 
{q,p,t; ao, ai, 02, as + 04, -04, 05 + 04, ag, 07, a8) , 
{q,p, t; ao, ai, 02, 03, 04 + 05, -05, ag, 07, as), 
ag 



q,p 



1 



, i; ao + ag, ai, 02, 03, 04, as, -ag, 07 + ag, as 



{q,p, t; ao, ai, 02, 03, 04, as, ag + 07, -aj, as) 
{q,p, t; ao + as, ai, 02, 03, 04, as, ag, 07, -as) 



Theorem 12.1 can be checked by a direct calculation. 



22 



13 Space of initial conditions 

Theorem 13.1. After a series of explicit blowing-ups at eleven points including the infinitely near points 
of S2 and successive blowing-down along the {^l)-curves D^'^'' = ¥^ , d\^^ = ¥^ and D^d' — we 
obtain the rational surface S of the system (|54p and a birational morphism Lp : S ■ ■ ■ ^ Yj2- Its canonical 
divisor Kg of S is given by 

K^^^D'i\ (I?W)2 = -3, D«-P\ (56) 
where the symbol D^'^^ denotes the strict transform of D^'^\ denote the exceptional divisors and 

Theorem 13.2. The space of initial conditions S of the system (|54p is obtained by gluing ten copies of 
ir2. 



S = S - { — Kg)red 
8 

= C'u\JUj, (57) 

1=0 

3 {q,p), U, - 9 {x,,y,) (j = 0, 1, • • ■ , 8) 
via the birational and symplectic transformations rj (see Theorem 11.1). 
Proof of Theorems 13.1 and 13.2. 

By a direct calculation, we see that the system ([M)) has three accessible singular points a^J'^ G iD'^°^ {v = 
0, 1,00): 



a(°) = {(^2,^«2) = (i^,0)}ec/2ni?("^ {1^ = 0,1), 

(58) 



a 



(0) 



{iz3,w3) = (0,0)} e C/3ni?(°). 



We perform blowing-ups in S2 at a[^\ and let D^}"^ be the exceptional curves of the blowing-ups at 
a^/*^^ for 1^ = 0, l,GO. We can take three coordinate systems {u,^,v^) around the points at infinity of the 
exceptional curves dI^"^ (v = 0, 1, 00), where 

{Uy,Vy)^[— ^,^2) (i^ = 0, 1), 

^ (59) 



Note that {(uu,v,^)\vi, = 0} C D^}^ for = 0, l,oo. By a direct calculation, we see that the system (|54l) 
has eight accessible singular points a\}'' for 1/ = 1, 2, 3, 4, 5, 6, 7, 8 in D^i}'' ^ (z^ = 0, 1, 00). 

a^l^ = {{ua,vo) = (ai,0)} G d'^^\ = {{u^^vq) = {ai+a2,Q)] G D'i\ 

4^' = {(uo,i'o) = (ai +0.2 + a3,0)} G £'o^\ {{uq,vo) = (ai + a2 + "3 + "4,0)} G d''^\ 

4'^ = {(uo,i^o) = (ai + "2 + "3 + "4 + as, 0)} G D^^\ 4'^ = {("i,^'i) = («6, 0)} G (60) 
4" = {[ui.vi) = (a6 + a7,0)} G D^^\ 
= {(Uoo,Voo) = (^8,0)} Gi?W 

Let us perform blowing-ups at a'^p , and denote D^^^ for the exceptional curves, respectively. We take 
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Blow up at a^Q^ , a^^ and 



,(1) 



,(1) ; 



-,(1) 



(i?(0))2 = -1 



= -6 



Blow up at a 



(1) 



^ Blow down along the (— l)-curve D^^^ to a nonsingular point 
{Dg^f = -1 




( )^2 



I 



Blow down along the (— l)-curve to a nonsingular point 




^ Blow down along the (— l)-curve d\^^ to a nonsingular point 



•(i?W)^ = -3 



Figure 7: Resolution of accessible singular points 
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seven coordinate systems {Wj,Vj) around the points at infinity of Dj for j = 1, 2, 3, 4, 5, 6, 7, 8, where 

Uq — Oil 



(61) 



Vi 

as 



, , f uo- (ai +a2 + oi^i 

\ Vo 

(W4,F4) = ^ -,vi 

\ Vo 

(^5,^5) = I -,vo 

ffjrr X . ^ /mi - ae 

i^xr T/ N /ui - (ae + . , 
(H^7,H) = ( ^7 '^1 

For the strict transform of I?^,^'' and o'^p by the blowing-ups, we also denote by same symbol, 

respectively. Here, the self-intersection number of D^'^\dI}^ is given by 

(Z?(o))2 = -l. (D«f = -6, {D^Pf = -Z, {Dg^r = -2. (62) 

In order to obtain a minimal compactification of the space of initial conditions, wc; must blow down along 
the (— l)-curves L)*^"' = to a nonsingular point. For the strict transform of oi^^ and by the 

blowing-down, we also denote by same symbol, respectively. Here, the self-intersection number of dI^^ is 
given by 

(i?W)^ = -5, (D«)^ = -2, {Dg^r = -1. (63) 
We must blow down again along the (— l)-curve = to a nonsingular point. For the strict 



transform of dI^^ and Dy by the blowing-down, we also denote by same symbol, respectively. Here, the 
self-intersection number of D^^^ is given by 

{D^^^f = -A, {D\'^f = -1. (64) 

We must blow down again along the (— l)-curve D^^ = to a nonsingular point. For the strict 



l(2) 



transform of dI^^ and by the blowing-down, we also denote by same symbol, respectively. Here, the 



self-intersection number of D^^ is given by 



(1)^2 



(65) 



Let 5 • • • — > S2 be the composition of above eleven times blowing-ups and three times blowing- downs. 
Then, we see that the canonical divisor class Kg of S is given by 



.£,(1) 



where the self-intersection number of Dq'^ = is given by 

{d'o''? = -3. 



(66) 



(67) 
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We see that S — {—Kg)red is covered by ten Zariski open sets 

SpecC[Wj,Vj] = 1,2,3,4,5,6,7,8), 

Spec C[zo, Wo], (68) 
Spec C[zi, wi]. 

The relations between {Wj, Vj) and {xj,yj) are given by 

{-W,,V,) = {x,,v,) (j = 1,2,3,4,5,6,7,8). (69) 

We see that the pole divisor of the symplectic 2-form dp A dq coincides with {~Kg)red- Thus, we have 
completed the proof of Theorems 13.1 and 13.2. □ 
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